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The Errors-in-Variables Model

We will start with the classical EIV for one mismeasured
regressor. The general case is in Erickson and Whited
Econometric Theory, 2002.

yi = ziα + χiβ + ui

xi = γ + χi + εi

Definitions:
yi is the dependent variable,
zi is a vector of perfectly measured regressors (which includes
an intercept)
χi is the mismeasured regressor
ui is the regression disturbance
εi is the measurement error
(α, β, γ) are coefficients
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Assumptions

(ui, εi, χi, zi),are i.i.d.

ui, εi, χi, and zi have finite moments of every order

ui and εi are distributed independently of each other and of
(χi, zi)

E(ui) = E(εi) = 0

var (χi, zi) is positive definite.

β 6= 0 and ηi is non-normally distributed.
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Partialling

Because these estimators are based on polynomials,
partialling out the perfectly measured regressors is essential:

yi − ziµy = ηiβ + ui

xi − ziµx = ηi + εi

in which

µx = E
[
(ziz

′
i)
−1 (zixi)

]
µy = E

[
(ziz

′
i)
−1 (ziyi)

]
ηi = χi − ziµx
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Moment Equations

Second-Order Moment Equations
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)
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Third-Order Moment Equations

E
[
(yi − ziµy)2 (xi − ziµx)
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E

[
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i

)
Third-Order Moment Estimator

β = E
[
(yi − ziµy)2 (xi − ziµx)

] /
E

[
(yi − ziµy) (xi − ziµx)2

]
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More Moment Equations

Fourth Order Moment Equations
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General Formula
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Identification

Notice from the third-order moment equations

E
ˆ
(yi − ziµy)2 (xi − ziµx)

˜
= β2E

`
η3

i

´
E

ˆ
(yi − ziµy) (xi − ziµx)2

˜
= βE

`
η3

i

´
that we can only solve for β if β 6= 0 and if E

`
η3

i

´
6= 0.

These are the two identifying assumptions.

They can be tested simply by testing whether the two left-hand-side
quantities are zero.

In general Reiersöl (1950, Econometrica) showed that this model is
identified as long as η is not normally distributed.

It is possible to work out identification tests for symmetric data that
use fourth order moments.
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Difficulties with Using High Order Moments:

High order moments cannot be estimated with as much
precision as the second order moments on which
conventional regression analysis is based.

It is important that the high order moment information be
used as efficiently as possible.

Previously, the use of high order moments has required
selecting an inefficient estimator.

A more efficient estimator can be constructed via a minimum
variance combination of inefficient estimators

A labor-intensive technique

No guarantee of efficiency
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Aside on GMM

Let

Let wi be an (M × 1) be an i.i.d. vector of random variables
for observation i.

θ be an (P × 1) vector of unknown coefficients.

g (wi, θ) be an (L× 1) vector of functions
g :

`
RM ×RP

´
→RL, L ≥ P

The function g(wi,θ) can be nonlinear.

Let θ0 be the true value of θ.

Let θ̂ represent an estimate of θ. The “hat” notation applies
to anything we might want to estimate.
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Moment Restrictions

GMM is based on what are generally called moment
restrictions and sometimes called orthogonality conditions
(The latter terminology comes from the rational expectations
literature.)

E (g (wi,θ0)) = 0

This condition is expressed in terms of the population. The
corresponding sample moment restriction is

1
N

N∑
i=1

g (wi,θ) = 0

What we want to do is choose θ̂ to get N−1
∑N

i=1 g (wi,θ) as
close to zero as possible.
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Criterion Function

We minimize a quadratic form:

QN (θ) =

"
N−1

NX
i=1

g (wi, θ)

#′ bΞ "
N−1

NX
i=1

g (wi, θ)

#
(1× L) (L× L) (L× 1)

that converges in probability to

{E [g (wi, θ)]}′Ξ{E [g (wi, θ)]}

If L = P , then the estimator is exactly identified, and we can find θ
by solving

N−1
NX

i=1

g (wi, θ) = 0

If L > P , the model is overidentified and if it is nonlinear, you
usually have to use numerical techniques.
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Our Alternative GMM Estimator

We combine the information in the high order moments by
using GMM, which is computationally convenient and
efficient.

In our application of GMM, we have:

wi ≡ (yi − ziµy, xi − ziµx)
θ ≡ (β, E(η2

i ), E(u2
i ), E(ε2

i ), E(η3
i ), . . .)

g(wi,θ) ≡ (yi − ziµy)2 − β2E(η2
i ) + E(u2

i )
...
(yi − ziµy)(xi − ziµx)2 − βE(η3

i )
...
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Our Alternative GMM Estimator

Because all of the observables are on the left and all of the
unobservables are on the right, we can just use the
covariance of the observable moments as the weight matrix.

The weight matrix does not depend on any parameters. No
iterating!

Two-step procedure: estimate µx and µy with OLS, plug
these estimates into the above and apply GMM. (What else
could you do?)

Because we substitute OLS estimates of µx and µy in for their
true unknown values, we have to adjust the weighting matrix.
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An Aside on Two-Step GMM Estimators

Suppose that you estimate a parameter vector δ of
dimension S via a different procedure, and then plug this
estimate into a GMM estimator. How do you calculate the
variance of the original parameter vector θ?

The variance of the two-step estimator is(
GΩ−1G′)−1

You can estimate Ω by

bΩ ≡
1

N

NX
i=1

»
g (wi, θ)−

∂g(θ, wi, δ)

∂δ
φ

δ
(δ, wi)

– »
g (wi, θ)−

∂g(θ, wi, δ)

∂δ
φ

δ
(δ, wi)

–′

in which φδ is the influence function for δ.

A clear derivation of this estimator is in Newey and
McFadden’s chapter in the 4th volume of the Handbook of
Econometrics.
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Other Things to Estimate

The R2 of the “true” regression

ρ2 =
µ′yVzzµy + E

(
η2

i

)
β2

µ′yVzzµy + E(η2
i )β2 + E(u2

i )

The R2 of the measurement equation

τ2 =
µ′xVzzµx + E

(
η2

i

)
µ′xVzzµx + E(η2

i ) + E(ε2)

The vector of perfectly measured regressors

α = µy − µxβ
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Standard Errors

Because we substitute OLS estimates of µx and µy in for their true
unknown values, we have to adjust the weighting matrix.

You calculate the standard errors for these things by stacking the
influence functions for their individual components and using the
delta method.

Recall that the influence function for a GMM estimator is

− (GΞG)−1 GΞE
ˆ
g

`
wi, θ̄

´˜
Recall that many estimators fall under the umbrella of GMM.

This formula can be used to calculate the influence functions of the
components of the three things on the previous slide—µy, Vzz, . . .,
and all of the GMM parameters.

To calculate their joint covariance matrix, stack their influence
functions and take the outer product.

Because τ2, α, and ρ2 are nonlinear functions of their components,
use the delta method.
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Generalization and Identification

This method can be used for multiple mismeasured
regressors. You need much more data for the multiple
mismeasured regressor case than for the single
mismeasured regressor case.

The moment conditions can be written in general as:

E

24(yi − ziµy)r0
JY

j=1
(xij − ziµxj)

rj

35 = E

240@ JX
j=1

ηijβj + ui

1Ar0 JY
j=1

(ηij+εij)
rj

35 ,

in which (r0, r1, . . . , rJ) are nonnegative integers.
This general model is identified (loosely) if all of the
coefficients on the mismeasured regressors are nonzero and
if at least one of the mismeasured regressors has a skewed
distribution.

The identification assumptions necessary for this model are
analogous to the assumption of noncollinearity in an OLS
model.
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Finite Sample Performance
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Finite Sample Performance


